Abstract. The present work is concerned with the study of 4-dimensional irreducible holomorphic symplectic manifolds with the second Betti number 23. We present some ideas concerning their classification and describe their relations with EPW sextics. In particular we study the related O'Grady conjecture.
introduction
By an irreducible holomorphic symplectic (IHS) 4-fold we mean (see [B1] ) a four dimensional simply connected Kähler manifold with trivial canonical bundle that admits a unique (up to constant) closed non-degenerated holomorphic 2-form and is not a product of two manifolds. These manifolds are building blocks of Kähler manifolds with trivial first Chern class [B1, Thm. 2] . In the case of four dimensional examples their second Betti number b 2 , is bounded and 3 ≤ b 2 ≤ 8 or b 2 = 23 (see [Gu] ). There are however only two known families of IHS in this dimension, one with b 2 = 7 and the other with b 2 = 23 [B1] . The first is the deformation of the Hilbert scheme of two points on a K3 surface and the second is the deformation of the Hilbert scheme of three points that sum to 0 on an abelian surface. In this paper we address the problem of classification of IHS 4-folds X with b 2 = 23. It is known by [V] and [Gu] that in this case the cup product induces an isomorphism (1.1) Sym 2 H 2 (X, Q) ≃ H 4 (X, Q)
and that H 3 (X, Q) = 0. By [F] the Hodge diamond admits additional symmetries, by [S] it has the following shape 1 Recall that for an IHS 4-fold X we can find a (Fujiki) constant c, such that for α ∈ H 2 (X, Z), we have cq(α) 2 = α 4 where q is a primitive integral quadric form called the BeauvilleBogomolov form defining a lattice structure on H 2 (X, Z) called the Beauville-Bogomolov (for short B-B) lattice.
In order to classify IHS 4-folds with b 2 = 23 we have to find the possible lattices and the possible Fujiki invariants for the given lattice. Next for fixed Fujiki invariant and B-B lattice find all deformation families of IHS manifolds with the given numerical data. Note that the lattices for the known examples are even but not unimodular.
Under the assumptions of the above O'Grady conjecture we have b 2 (X) = 23 and there exists an ample divisor H on X with H 4 = 12. O'Grady proved that either (X, H) is deformation equivalent to K3 [2] or to a manifold (X 0 , H 0 ) (satisfying the conditions from [O6, Claim 4.4] ) such that the image of ϕ |H0| is a hypersurface of degree 6 ≤ d ≤ 12. He conjectured that the latter case cannot happen. In [K] we showed that d ≥ 9 and that |H| has at most three isolated base points. The case were ϕ |H| is birational is the case where the method of [K] cannot work and also the most difficult for the point of view of O'Grady (see [O6, Claim 4.9] ). In this work we show that the adjoint EPW sextic S A to the image of such a birational morphism would have to be very special as described in Proposition 2.3 (in particular 2 ≥ dim Θ A ≥ 1). The main missing problem in the proof of the O'Grady conjecture, is to find whether the double determinantal cubic can be an adjoint EPW sextic as above. See section 2.2 for a general discussion about the conjecture 1.3.
In the appendix we present technical results used in the proofs concerning the geometry of the orbits of the natural P GL(6) action on P( 3 C 6 ).
Proof.
First by the H-R-R theorem for IHS 4-folds we infer.
(2.1) h 0 (O X (H)) = χ(O X )(H)) = 1 24
Next, by the formula of Hitchin and Sawon we deduce that (c 2 (X).α 2 ) 2 = 192 Â (X). α 4 , for any class α ∈ H 2 (X, R) where theÂ-genus in our case is just the Todd genus of X.
We claim that Â (X) is independent of X with b 2 (X) = 23. Indeed by the R-R formula as in [HS] we have Â (X) = 1 2Â 2 (X) − We deduce also that (H 2 .c2(X))
= 300 so √ 300H 4 ∈ N. It follows that H 4 = 3k 2 . On the other hand from equation (2.1) we deduce that
8 ∈ N thus k is even; this finish the proof.
For an IHS manifold X with b 2 (X) = 23 to admit an ample divisor with H 4 = 12 there are two possibilities:
• the Fujiki invariant is 3 and the B-B lattice is even such that there exist a h ∈ H 2 (X, Z) with (h, h) = 2.
• the Fujiki invariant is 12 and there exist a h ∈ H 2 (X, Z) with (h, h) = 1.
It is a natural problem to decide whether the latter case can occur.
2.1. IHS fourfolds with b 2 = 23 satisfying condition O. Let us present an approach that aims to classify polarized IHS fourfold (X, H) with b 2 = 23 such that H 4 = 12: If for all D 1 , D 2 , D 3 ∈ |H| that are independent the intersection D 1 ∩ D 2 ∩ D 3 is a curve then we say that (X, H) satisfy conditions O.
Note that this is one of the conditions from [O6, Claim 4.4] . Moreover, each hyperkähler manifold numerically equivalent to (K3) [2] can be deformed to one that satisfies condition O. Motivated by this we can sate the following: If we find such deformation we can repeat the arguments from [O] , in order to show that ϕ |H0| is either the double cover of an EPW sextic (thus a deformation of K3 [2] ) or X 0 is birational to a hypersurface of degree 12 ≥ d ≥ 7, or a 4 to 1 morphism to a cubic hypersurface with isolated singularities, or a 3 to 1 morphism to a normal quartic hypersurface, or dim ϕ |H0| (X 0 ) ≤ 3.
It is an natural geometric problem to decide which one of those cases can occur.
2.2. The O'Grady conjecture. The motivation to study IHS fourfolds with divisors of small self-intersection comes from the following construction of O'Grady that aims to prove his conjecture 1.3: Let X be an IHS manifold numerically equivalent to K3 [2] . Consider M ′ X a connected component of the moduli space of marked IHS fourfolds deformation equivalent to X and the surjective period map
is an IHS manifold X deformation equivalent to X 0 and Pic(X 0 ) = ZH where H is an ample divisor with H 4 = 12. The special choice of ρ requires X 0 to satisfy more properties that are described in [O6, Claim 4.4] . Then O'Grady proved that the linear system |H| gives a map ϕ |H| of degree ≤ 2 that is either birational onto its image or a special double cover of an EPW sextic. Since this double cover is deformation equivalent with K3
[2] his conjecture follows if we prove that deg ϕ = 1. So suppose that deg ϕ = 1 then O'Grady remarked that the image of ϕ |H| is a hypersurface of degree 6 ≤ d ≤ 12. In [K] we showed that d ≥ 9 and that |H| has only isolated base points. Note that in the case when d has one isolated points the scheme defined by the ideal of the conductor is contained in a unique quintic. With the method of this paper we can find a Beilinson monad giving this quintic. There is a lot of geometry appearing as discussed in [G] .
The aim of this work is to consider the case d = 12; this is the case where the method of [K] does not work and also the most difficult for the point of view of O'Grady, see [O6, Claim 4.9] . Then the image of ϕ |H| is a non-normal degree 12 hypersurface X ′ ⊂ P 5 = P(W ). Our idea is to show that the adjoint hypersurface to X ′ ⊂ P(W ) is an EPW sextic and then exclude case by case such degenerated sextics (worked out in [O2] , [O3] , [O4] and [IM] ). Recall that an EPW sextic S A is a special sextic hypersurface defined as the determinant of the morphism
corresponding to the choice of a Lagrangian A ⊂ 3 W (as in [EPW, Ex. 9.3] ). Furthermore, following O'Grady we denote by
The set Θ A is empty for a generic choice of A and measures how singular the EPW sextic is. For special A all the values 0 ≤ dim Θ A ≤ 6 can be obtained. The adjoint EPW sextic constructed in the context of the O'Grady conjecture must be very special. Recall that each hyperkähler manifold numerically equivalent to (K3) [2] can be deformed to one that satisfies condition O. We obtain the following: The idea of the proof is as follows: When dim Θ A ≥ 2 the EPW sextic must have a nonreduced component. Then for each point U ∈ Θ A the plane P(U ) ⊂ P 5 is contained in S A such that S A is singular along it. We consider in this case after O'Grady (see [O4] ) the sets C U,A ⊂ P(U ) defined in the beginning of section 6. Each C U,A ⊂ P(U ) is either the whole plane or is the support of some sextic curve C U,A . We show that C U,A has to be contained in X ′ thus cannot be a plane (by the condition O). We show also that the support of C U,A must have degree ≤ 3 (see Lemma 7.2). The important remark is that the intersection S A ∩ X ′ supports the scheme defined by the conductor of the normalization of X ′ . Checking case by case we exclude all the possibilities with dim Θ A ≥ 2 except when either S A is the double determinantal cubic and X ′ has generically tacnodes along the intersection S A ∩ X ′ or S A is reducible and equal to 2H 0 + Q where H 0 is a hyperplane and Q a quartic such that H 0 ∩ Q is supporting the scheme C defined by the conductor. In particular X ′ has triple points along C that are not ordinary triple points (see the end of Section 7 for a precise description). A new idea is needed to conclude in those cases. We believe that by the methods of this paper we can also exclude the case dim Θ A = 1 however the problem becomes more technical (see Section 8) . Note that such A should satisfy for each U ∈ Θ A the property C U,A = P(U ) and deg C U,A ≤ 3.
3. The proof of Theorem 1.1
We assume that ϕ : X → X ′ ⊂ P 5 (W ) is a birational morphism and a finite map onto a hypersurface of degree 12. Let us consider the Beilinson monad M applied to ϕ * (O X (2)). This is the following complex
see [EFS] and [DE] . We have
Let us write the monad M in the following form
From [EFS, Cor. 6 .2] the maps in the last row corresponds to the natural multiplication map
Since by a result of Guan [Gu] we have Sym 2)) the maps in the last row corresponds to the maps in the Beilinson monad of O P 5 (2). Moreover, we denote by A the vector space such that
is exact and is a free resolution of O P 5 (3). Its Serre dual can be seen as a part of the first row of the monad. We claim that our Beilinson monad is cohomologous to the following (cf. [CS] ):
2) Indeed, it is enough to consider the bottom row of M. First observe that it defines a subcomplex of M. The quotient complex is denoted by M ′ . The complex N obtained by replacing the bottom row by O P 5 (2) also maps surjectively to M ′ ; we obtain in such a way two exact sequences of complexes. The claim follows from the long homology exact sequences associated with the exact sequences the complexes.
So from [EFS, Thm. 6 .1] we obtain an exact sequence
where A is the 10-dimensional vector space, dual of the quotient of H 0 (O X (3)) by the cubics of P 5 . The conductor of the finite map ϕ : X → X ′ is the annihilator of the O X ′ module ϕ * (O X )/O X ′ . Since the conductor is isomorphic to the sheaf Hom(ϕ * (O X ), O X ′ ) we can deduce the following resolution
5 is the subscheme defined by the conductor. Recall that C is supported on the singular locus of X ′ , moreover it is locally Cohen-Macaulay and has pure dimension 3 and degree 36 (see [K] ).
Consider the part of F given by
the determinant of this map gives the unique (see [K] ) sextic S A ⊂ P 5 containing C.
Claim 1. The sextic S A is an (maybe degenerated) EPW sextic.
Proof. We need the following Lemma.
Lemma 3.1. There exists an isomorphism a :
Proof. From the relative duality
we obtain
Where k is locally given by the multiplication by the equation of Y ⊂ P 5 thus it is 0. From the projection formula we obtain an isomorphism
) is a sum of line bundles we deduce that
Thus we deduce as in the proof of [EPW, thm. 9 .2] that there is no obstruction for a to be a chain map, we find a map ψ that close the following diagram
* is a symmetric map. Since there is no nonzero map O P 5 (3) → Ω 2 P 5 (3), the restriction of the above diagram gives
, where ρf * is a symmetric map being the restriction of ψF * to Ω 3 P 5 (3). We conclude as in the proof of [EPW, thm. 4 .1] that det(f ) is an EPW sextic.
The adjoint EPW sextics
We shall see how to translate geometrical properties of the map ϕ : X → X ′ ⊂ P 5 into geometrical properties of the adjoint EPW sextic. Let us also consider the subschemes N r ⊂ X ′ defined by the F itt X ′ r (ϕ * (O X )) (we have for example N 1 = C). Recall that from the results of [MP, &4] the scheme N 2 has a symmetric presentation matrix and is of codimension ≤ 3 if it is non-empty. Moreover N 2 is supported on points where C is not a locally complete intersection (see [MP, p.131] ). Denote by M r the degeneracy loci of rank ≤ 10 − r of the map Proof. This is an analogous statement to the rank condition see [CS, rem. 2.8] . We claim that locally the map F can be seen as a symmetric map. Indeed in the diagram 3.3 using alternating homotopies as in [EPW, p. 447] we have a freedom of choice of the map Ψ. In particular restricting to an affine neighborhood we can assume that the matrix A := F Ψ is symmetric and that Ψ is an isomorphism. Remark that the matrix B consisting of the last 9 columns of A and the matrix B ′ being the last 9 rows of B have maximal degeneracy loci defining locally the scheme C and the sextic S A respectively (see the sequence 3.2). Since we know that X ′ has a non-singular normalization, we can conclude with [KU, Prop. 3.6(3) ]. For the second part we use [KU, Lem. 2.8] .
4.1. Desingularisation of EPW sextic. We shall need the following construction of desingularisation of the EPW sextic S A : From [EPW, Thm. 9 .2] we can see that
On the other hand from [O1, &5.2] we deduce that we can look at ∧ 3 W ⊗ O P 5 as a symplectic vector bundle with the symplectic form induced from the wedge product ∧ 3 W ⊕ ∧ 3 W → ∧ 6 W = C such that the fiber of the subbundle Ω 2 P 5 (3) over v ∈ P 5 corresponds to the 10-dimensional linear space
Then, f ∨ is given by the above embedding composed with the quotient map
where A is a Lagrangian subspace of
Such that the image of α is the variety W 2 and π 1 is the rational map (regular outside G(3, 6)) with fiber P(F v ) considered in the Appendix. Next, α is given by the complete linear system of the line bundle T :
Note that V map by π onto S A . Moreover, by Proposition 9.4 and the description of the tangent space of the EPW sextic given in [O2, Cor. 1.5] we have that V is smooth over points where S A smooth. We shall need the following:
Proof. It follows from the discussion below that the dimension of the fiber V ∩ π −1 (P ) is equal to k − 1. We conclude by observing that the map α does not contract curves on π −1 (P ).
Recall that the sequence 3.2 defines a codimension 1 subscheme C ⊂ S A . Let us apply Kempf's idea and pull-back b ∨ (where b is defined by equation (3.2)) on P(10O P 5 ). Then as in [L, Appendix B] we obtain a diagram
we see that the degeneracy locus of b ∨ can be seen on P(10O P 5 ) as the degeneracy of v, thus as a zero section of
Finally, remark that the zero scheme of the bundle
We proved the following:
Proposition 4.3. Suppose that V is normal. Then there exists a divisor D ⊂ V given by the vanishing of a section of the vector bundle
) (it defines a subscheme of V ) that project through π to C such that the fiber over p ∈ C has dimension equal to the corank of the map b.
In particular it follows from Lemma 4.2 that over points P ∈ N k − N k+1 the fiber of π| D have dimension k − 1 for k ≥ 2. Remark 1. Denote by E the exceptional divisor of α. It maps to G(3, 6) ⊂ W 2 such that the fiber over a point U ∈ G(3, 6) is a projective plane that maps through π to P(U ) ⊂ P(W ). Moreover, E is isomorphic to the projectivisation of the tautological bundle on G(3, 6). By Lemma 9.5 we deduce that the pull-back (α • π 2 ) * (H 2 ) is a Cartier divisor in the linear system |2T − H| on P(Ω 2 P 5 (3)), where H := π * (H 1 ). Moreover, E is the base locus of |2T − H| such that after blowing-up E ⊂ P(Ω 3 P 5 (3)) this linear system become base-point-free and factorize through π 2 .
4.2. The duality. Since we have a second fibration π 2 (see the Appendix) of the variety W 2 it is natural to consider the following picture.
) the corresponding EP W sextic constructed from A. It follows from the definition of π 1 and π 2 that π 2 (F v ) is a hyperplane in P(W ∨ ) that is dual to v ∈ P(W ). Next it follows from the description from [O2, Cor. 1.5(2)] of the tangent space T to S A at a smooth point that there is a point w ∈ S ′ A such that π 1 (F ′ w ) = T . We proved the following:
is irreducible and dual to S A .
Remark 2. As remarked by O'Grady in [O2, & 1.3 ] the map π 2 | Fv is given by the linear system of Plüker quadrics defining the intersection
Thus the fibers of π 2 | Fv are 5-dimensional linear spaces spanned by G(2, 4) ⊂ G(2, 5) ⊂ P 9 .
The general case
The aim of this section is to prove Proposition 1; that an EPW sextic constructed by choosing P(A) disjoint from G(3, 6) (i.e. such that Θ A = ∅), cannot be the adjoint hypersurface of a birational image of an IHS manifold with b 2 = 23. The proof is by contradiction. Suppose that such a sextic S A can be the adjoint hypersurface as above. Then for the corresponding Lagrangian space A we have that W 2 ∩ P(A) is isomorphic to V (we can thus identify π and π 1 ). Next from [O3, claim 3.7] we obtain that there are only a finite number of planes contracted to points by π and there are no higher dimensional contracted linear spaces. The following Lemma follows from Proposition 9.4.
is smooth and of dimension 4.
Thus V is smooth. Denote by E 1 an E 2 the exceptional locus of π 1 | V and π 2 | V respectively, by T the restriction of the hyperplane in P(∧ 3 W ), and by H 1 and H 2 the pull-back by π 1 and π 2 respectively of the hyperplane sections. By [O2, Prop. 1.9] it follows that the singular locus of S A is a surface G of degree 40 that is smooth outside of the image of the contracted planes. Moreover, S A has ODP singularities along the smooth locus of G, thus E 1 and E 2 are reduced. Using Proposition 9.2 and the Lefschetz theorem [RS, Thm. 1] , that works when V is smooth and omits the singular locus of W 2 , we deduce that the Picard group of V has rank 2 and is generated by the restrictions of H 1 and H 2 . We denote the restrictions by the same symbols.
Lemma 5.2. The following equalities holds H 2 = 5H 1 − E 1 and
Proof. The first follows from [Dol, & 1.2 .2] and the second from Lemma 9.5. Now, we find using Proposition 4.3 a divisor D ⊂ V in the linear system |3H 1 + T | such that p(D) = C. It follows from Proposition 4.1 that D − E 1 is an effective divisor D 1 . Let l ⊂ V be a line contracted by π 2 (such lines cover E 2 ). Since l.T = 1 thus from Proposition 5.2 we obtain l.
Let us study the geometry of EPW sextics that are adjoint to the birational image of a IHS fourfolds that satisfy condition O. Our aim in this section is to prove the lower bound of dim Θ A in Proposition 2.3. For U ∈ G(3, W ) we see that π(α −1 (U )) = P(U ) ⊂ P(W ) is the corresponding plane contained in S A . Let us consider after O'Grady the set
There is a natural scheme structure on C U,A described in [O4, & 3 .1] such that C U,A is either a sextic curve or the whole plane P(U ).
Proof. First over the points from the set C U,A the map
has corank ≥ 2; so they are points from M 2 . But from Proposition 4.1 we have
Finally it follows from the condition O that X ′ ⊂ P(W ) cannot contain any plain.
Moreover, it follows that S A has singularities with constant multiplicity along P(U ) − C U,A .
We can describe the picture more precisely in our case.
Proof. Since S A is locally a complete intersection the normality of S A follows from the Serre criterium if S A is nonsingular in codimension 1. It follows from [O2, & 1.3 ] that S A is only singular along the sum of planes P(U ) for U ∈ Θ A and along the set G such that for v ∈ G we have
From [O2, Prop. 1.9] we infer that G is a surface.
Since the intersection of P(A) with the tangent to W 2 at P is 5-dimensional isotropic, we deduce from Proposition 9.4 that the intersection P(A) ∩ W 2 is smooth at P ∈ ( (F v 
Thus we have to show that the dimension of the exceptional set of π : V → S A that maps to U∈ΘA P(U ) is smaller then 4. Since Θ A is a finite set it is enough to consider the exceptional set bellow C U0,A ⊂ P(U 0 ) for a fixed U 0 ∈ Θ A . Since Θ A is finite, the fiber α(π −1 (v)) ⊂ F v for a given v ∈ C U0,A cut G(3, W ) ∩ F v at a finite number of points. Since the dimension of G(3, 5) ⊂ P 9 is 6, we infer dim π −1 (v) ≤ 3 for all v ∈ C U0,A and that dim π −1 (v) ≤ 2 for a generic v ∈ C U0,A . It follows that P(A) ∩ W 2 and V are irreducible.
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The map V α − → (P(A) ∩ W 2 ) is an isomorphism outside α −1 (G(3, W ) ). Thus from the proof below we deduce that V can only be singular at points that map to a curve C U,A for some U ∈ Θ A . Proposition 6.3. The variety V and P(A) ∩ W 2 are nonsingular in codimension 1. Moreover, V is normal.
Proof. Note that V is locally a complete intersection thus it is enough to show the first part. Our aim is to show that the singular points of P(A) ∩ W 2 are contained in the sum of tangent spaces to G(3, 6) at points from Θ A . Next we show that the intersection of P(A) ∩ W 2 with those tangent spaces is of codimension 2.
We need to consider points in the pre-image
Suppose that for a given U 0 this set is 3-dimensional, then either there is an one parameter family of planes parameterized by C U0,A or there is a P 3 mapping to a point on C U0,A . Let us consider the first case such that the other is treated similarly.
Suppose that V is singular along B. Then it follows that P(A) does not cut transversally the tangent plane to W 2 at each p ∈ α(B) − G(3, W ). By Proposition 9.4 the intersection
where U ′ is one of the finite number of points in the intersection P(A) ∩ G(3, W ).
We claim that for a generic choice of p ∈ B this line [p, U ] is contained in the tangent space to G(2, 5) ⊂ F v at U . Since Θ A is finite we infer that for a generic choice of p ∈ B the lines [p, 5) is a quadric. Since this line cuts G(3, W ) in one point it have to be tangent to G(2, 5). The claim follows.
Let T U be the projective tangent space to G(3, W ) ∋ U and R U := P(A) ∩ T U . The following is a nice exercise.
Lemma 6.4. The intersection K U := T U ∩ G(3, W ) can be seen as a set of plane in P(W ) that intersects the plane P(U ) along a line. In particular the intersection K U has dimension 5 and is a cone over the Segre embedding of P 2 × P 2 . Moreover, the sum of linear spaces F v ∩ T U for v ∈ P(U ) is a cone over the determinantal cubic E U that contains K U as the singular set.
First we have dim R U ≤ 4 since otherwise we infer
a contradiction with dim Θ A = 0. We have three possibilities dim R U = 2, 3, or 4. Note that the intersection F v ∩ T U is the tangent space to G(2, 5) at U thus has dimension 6. If dim R U = 4 we have that each linear spaces F v ∩ T U for v ∈ P(U ) intersects P(A) along a linear space of dimension at least 1 since this intersection contain F v ∩ R U . Thus C U,A = P(U ) and we obtain a contradiction by Proposition 6.1.
Assume that dim R U ≤ 3. We saw above that the generic fiber of B → C U,A is a plane contained in T U . Since these fibers are contained in R U and disjoint outside U we obtain a contradiction.
The closure in V of the exceptional set of the morphism V → S A − ( U∈ΘA P(U )) is a reduced Weil divisor E G that maps to the surface supp N 2 . We have also exceptional sets over points from U∈ΘA P(U ). Since the intersection W 2 ∩ P(A) is irreducible we deduce that there are two kinds of irreducible components of the exceptional set of π:
• either one parameter families of planes such that the image through π is a curves contained in C U,A , • or 3-dimensional linear spaces E i for i = 1, . . . , s mapping to points in C U,A ⊂ S A for some U ∈ G(3, 6). We believe that such exceptional sets cannot exist. However we only prove that the first type exceptional set cannot occur. For this we need to understand better the duality between S A and S ′ A .
Proposition 6.5. Suppose that the set of points v ∈ P(W ) with dim(F v ∩ P(A)) ≥ 2 is a curve C ⊂ P(W ) then the tangent space T v0 to C at v 0 is perpendicular to the linear space spanned by the image π 2 (P(A) ∩ F v ). Proof. Suppose that such exceptional set exists and denote it by
is a plane and G map to a curve C 0 ∈ P(U 0 ).
We claim that G v cuts T U0 along a line contained in E U0 . Indeed, from the proof of Proposition 6.3 it follows that the generic fiber G v cannot be contained in T U0 . Next from [O4, Prop. 3.2.6 (3)] we infer that if G v cuts the tangent space to T U0 ∩ F v only at U 0 and is disjoint from Θ A then C 0 have a node at v. The claim follows since the nodes on C 0 are at isolated points. We deduce also that C 0 is a triple component of C U,A thus it is either a conic or a line.
We infer that the intersection G ∩ T U0 has dimension ≥ 2. Since we know from the proof of Proposition 6.3 that dim(T U0 ∩ P(A)) ≤ 3. We deduce that G ∩ T U0 is either a plane or dim(T U0 ∩ P(A)) = 3.
Let us show that the second case cannot happen. Suppose first that G ∩ T U0 is a cone over a cubic A (being a section of E U0 ). Denote by N a generic hyperplane section of G. Note that N is smooth because it maps by π 1 to a smooth curve with linear spaces as fibers. It follows that N is the projection of a rational normal scroll. General properties of such surfaces are described in [H, &V 2] . In particular A cannot be irreducible because a generic hyperplane section containing the plane spanned by A should be a rational normal curve. Thus A is reducible; we need the following:
Claim 2. The curve C 0 cannot be a line.
Proof. Suppose the contrary and fix a v ∈ C 0 . Since the morphism π 2 | Gv is given by a linear sub-system of conic with base point G v ∩ G(3, 6) is birational and contract the line G v ∩ T U0 to a point, we deduce that π 2 (G v ) is a surface being an irreducible quadric cone Q v ⊂ P 5 tangent to P(U ∨ 0 ) along a line with vertex at the image of the contracted line (because the image of a line passing through U 0 on G v is a line passing through the image of G v ∩ T U0 ). Consider the rational scroll N and denote by f his fiber of π 1 | N and by c 0 the section T U0 ∩ N . We saw that c 0 is either a line or a conic. We have
Two possibilities are possible either π 2 (G) is a quadric surface or a threefold. Let us treat the first case: Suppose that Q v1 and Q v2 are equal for v 1 = v 2 . Since C 0 is a line we deduce that H 1 | c0 have degree 1. Next, from 2T = H 1 + H 2 and the fact that, π 2 (c 0 ) ⊂ P(U 
2 because π 2 | N is birational. So using 2T = H 1 + H 2 we infer H 2 = 2c 0 + (2e + 1)f thus a contradiction with 4(2e + 1) = (H 2 | N )
2 . It follows that the dimension of π 2 (G) is 3 and π 2 | N is birational. It is good to have in mind that π 2 | G is an isomorphism outside the double point locus
A . From Proposition 6.5 the tangent line T r C 0 to C 0 at r ∈ C is projectively dual to the space P 3 r spanned by Q r . Since we assumed that C 0 is a line the image of π 2 (G) is a projective space that we denote by P. Since the double point locus of S ′ A is of codimension 2 we have that π 2 | G 11 is birational. Consider the locus G ′ of points p ∈ P such that there are two different v 1 , v 2 ∈ C 0 with p ∈ Q v1 ∩ Q v2 such that G ′ ⊂ G. We obtain the contradiction by proving that G ′ = P. Fix a generic v 0 ∈ C 0 ; it is enough to prove that Q v0 ⊂ G ′ . Recall that moving v ∈ C 0 the center of the cone Q v moves along a curve in P(U ∨ 0 ) ⊂ P such that Q v is tangent to P(U ∨ 0 ). We conclude by observing that it is impossible that such quadrics are in the same pencil determined by a common quartic curve.
We deduce that C 0 is a triple conic. Since dim(T U0 ∩ P(A)) = 3 we infer that T U0 ∩ P(A) is a plane. Let us consider again the ruled surface N such that c 0 is a line and N ⊂ P(A) is embedded by c 0 + (e + 1)f for some e ∈ Z. Then, H 1 | N = 2f so H 2 | N = 2c 0 + 2e.f . On the other hand using again Proposition 6.5 we see that π 2 (G) is contained in a quadric hypersurface Q of rank 3. More precisely Q is a cone, with a plane P(U ∨ 0 ) as vertex, over a conic curve W such that Q is covered by projective spaces P 3 r dual to the tangent lines to C 0 . It follows that π 2 | G is an isomorphism outside G∩T U0 . Consider the pull-back by π 2 | N of a generic hyperplane containing P(U ∨ 0 ). Since the intersection of the hyperplane with Q are two projective spaces we infer that the class of the pull-back H 2 | N is a.c 0 + 2.f . Using 2T = H 1 + H 2 we compute that a = 2 and e = 1 thus N is the blow-up of P 2 in one point with c 0 as exceptional line. Moreover, π 2 | N contract c 0 and maps N to a projective plane. We infer that π 2 (N ) intersects P(U ∨ 0 ) at only one point being the image of c 0 . It follows also that π 2 (N ) is either the second Veronese embedding of P 2 or a smooth central projection of this second Veronese (because π 2 (N ) can be singular only at one point). Consider the curve D 0 being the generic fiber of the projection of π 2 (N ) with center P(U ∨ 0 ) to the curve W. The curve D 0 can be seen as the intersection π 2 (N ) ∩ P 3 v for some generic v ∈ C 0 . Since there are no lines nor degree three curve contained in the projection of the double Veronese and a hyperplane section cuts π 2 (N ) along a degree 4 curve, we deduce that D 0 is an irreducible plane conic. We obtain a contradiction since D 0 ⊂ Q v ⊂ P 3 v cannot pass through the center of the cone Q v . We can now return to the proof of Proposition 2.3. To obtain a contradiction we can now proceed as in the general case. By [Dol, & 1.2 .2] the rational map between the sextic S A and his dual S ′ A is given by the partial derivatives of the sextic s A defining S A . The composition
is given by the linear system induced by the pull-back of quintics being the partial derivatives of s A on V . On the other hand, by Remark 1, each such generic quintic q ′ corresponds to an irreducible Cartier divisor Q ′ ∈ |2T − H| on V . The divisor Q ′ coincide with the proper transform of the zero locus {q ′ = 0} ∩ S A on on V (they are equal on an open subset of of Q ′ ). Recall that S A has ordinary double points along a generic point of supp N 2 . It follows from Proposition 6.6 that the Cartier divisor π * (Q ′ ) = E G +Σa i E i +B where a i ≥ 0, B ∈ |2T −H| is effective Cartier divisor on the normal variety V , E i are exceptional divisors mapping to points on C, and E G is the exceptional divisor over supp N 2 . We infer E G + Σa i E i ∈ |6H − 2T |.
By Proposition 4.3 we find, similarly as in the general case, a divisor D ⊂ V in the linear system |3H −T | that maps to C ⊂ S A . From Proposition 4.1 we deduce that D is decomposable such that D − E G is an effective Weil divisor. We saw that
is an Cartier divisor in the linear system |3T − 3H|. Since the Weil divisors E i cuts α −1 (U ) in isolated points we infer that D ′ restricts to an effective curve on the plane α −1 (U ), where U ∈ Θ A is fixed. On the other we have
Thus the restriction of a divisor from |3T − 3H| cannot be an effective curve on P(U ) (see [KM, prop. 1.35 (1)]). It follows that D contains α −1 (U ) so X ′ contains P(U ), this is a contradiction by Proposition 6.1.
We show first that dim Θ A ≥ 3 cannot happen. Choose an irreducible component Θ 
) red is irreducible. Suppose it has dimension ≤ k + 1 and that all the C U,A are curves. Then there exists an open U ⊂ (α −1 (Θ ′ A )) red set such that π| U is 1 : 1 onto a proper subset of G. This is a contradiction since (α
′ have to contain a plane and we obtain a contradiction with the condition O.
7.1. dim Θ A = 2. The strategy in this case is to show that in many cases the support C U,A has degree ≥ 4. We then obtain a contradiction showing that P(U ) = C U,A ⊂ X ′ using the following: )) is a plane that maps through π to P(U ). On the other hand we see that α −1 is contained in P(10O P 5 ) such that π * (O P 5 ( 1)) is equal to the pull back of O P 5 (1) on P(10O P 5 ) are equal and
. Thus we can conclude as in Proposition 4.3. Recall that O'Grady defined for A ∈ LG(10, ∧ 3 W ) and U ∈ Θ A the set B(U, A) ⊂ P(U ), of v such that either:
-There exists
where T U is the projective tangent space to G(3, 6) at U . Property 2. By [O4, Cor. 3.2.7] we know that C U,A can have only isolated singularities outside B(U, A). Next, if P(U ) = C U,A then we have B(U, A) ⊂ sing C U,A . Moreover, if U 1 , U 2 ∈ Θ A then P(U 1 ) and P(U 2 ) intersect as plane in P 5 in a point from C U1,A ∩ C U2,A .
O'Grady observed also that we can apply the Morin theorem [M] . Indeed, if Θ ′ A is a irreducible component of Θ A of dimension ≥ 1 then it parameterize mutually intersecting planes. By the Morin theorem it follows then that Θ ′ A is a linear section of one of the following sets: (1) P 3 embedded in G(3, 6) ⊂ P 19 by the double Veronese embedding (2) G(2, 5) ⊂ G(3, W ) embedded as fibers of π 1 (3) G(2, 5) ⊂ G(3, W ) embedded as fibers of π 2 (4) T P ∩ G(3, W ) where T P is the projective tangent space at P to
by the triple Veronese embedding.
Our aim of is to check case by case the possible two dimensional irreducible component Θ ′ A of Θ A and find that either:
• Θ ′ A is the third Veronese embedding of P 2 in G(3, 6) or • the EPW sextic has a non-reduced component supported on a hyperplane. The last case happen for example when Θ ′ A is a plane. Note that by Lemma 7.1 we can assume that G is a hypersurface of degree ≤ 3 (because G is a non-reduced component of S A ).
Case (1) From Lemma 7.1 we deduce that Θ ′ A is a hyperplane section of the double Veronese embedding of P 3 (this is the only possibility because there are no plane contained in this double Veronese). It follows from [O1, Claim 1.14] that G is a smooth quadric moreover we have the following:
-from [O5, Prop. 2.1] it follows that G has multiplicity 2 in the EPW sextic S A (thus S A can be written in the following form 2G + R where R is a quadric), -the intersection R ∩ G is contained in the sum of
. This is a contradiction with the condition O.
Case ( We shall threat each case separately.
-If we assume a) then the planes parameterized by Θ ′ A cover a hyperplane. From Property 1 this hyperplane have to be a multiple component of S A .
-
A is a possibly singular del Pezzo surface D 5 of degree 5 (observe that D 5 cannot be reduced if it has one component because of the degree). Then the sum of planes parameterized by Θ ′ A is a cone over a cubic hypersurface; denote it by Q. More precisely these planes are spanned by the lines corresponding to points on D 5 ⊂ G(2, 5) (the sum of this lines is a cubic threefold denote it by
. It follows that the corresponding EPW sextic is the double cubic. Since, dim(P(A) ∩ F v ) = 5 from [O4, Prop. 3.1.2] and [O4, Claim 3.2.2] it follows that v is a point of multiplicity 6 on C U,A for U ∈ D 5 . Thus C U,A is a sum of multiple lines passing through v (if it is the whole plane we obtain a contradiction).
Let us now identify the sets B(U, A) in order to prove that C U,A have to be reduced for a generic U ∈ D 5 . Let us fix such a generic point U of D 5 then the intersection P(A) ∩ T U, G(3,W ) , where T U, G(3,W ) is the projective tangent space to G(3, W ) at U , has dimension 2. Moreover, dim(F v ∩ P(A) ∩ T U,G(3,W ) ) = 2 because the space contains the tangent space to the del Pezzo surface D 5 ⊂ F v and is contained in the previous intersection. It follows also that the set of w ∈ P(U ) such that dim(P(A) ∩ F w ∩ T U,G(3,W ) ) ≥ 1 is equal to the singleton {v}. Now observe that U does not belong to any line on D 5 ⊂ P 5 since such lines cannot cover the whole D 5 when D 5 is irreducible of dimension 2. Thus it follows that for U ′ ∈ D 5 − {U } we have P(U ′ ) ∩ P(U ) = {v}. So the set B(U, A) is equal to the sum of intersections P(U ) ∩ P(V 0 ) where V 0 ∈ Θ A − D 5 and {v}. Let us show that for each such V 0 we have C V0,A = P(V 0 ); thus obtain a contradiction with condition O. For a fixed V 0 we have that P(V 0 ) intersects P(U ) outside v (because F v ∩G(3, W ) = G(2, 5)) and from Property 2 at one point (since C U,A is a sum of lines passing through v). Since the plane P(V 0 ) have to be contained in our cubic hypersurface S, the set C V0,A must be the whole P(V 0 ).
It follows that C U,A is a reduced sum of six lines for a generic choice of U ∈ D 5 . We obtain a contradiction by Lemma 7.2.
-Assume c) then Θ ′ A is linear section of the cone with vertex U 0 over the Segre embedding
The planes parameterized by points in Θ ′ A are spanned by the point v and a line in P 4 (V /[v] ). Let us describe this lines geometrically. The first factor of P 1 × P 2 corresponds to a choice of a point on the line l 0 and the second factor corresponds to a choice of plane containing l 0 ⊂ P 4 (and the directrix of our cone gives a choice of a line on this plane passing through our point).
We will obtain a contradiction by showing that P(U 0 ) must be contained in X ′ . Thus it is enough to show that the sum of curves C U,A for U ∈ Θ ′ A covers the line l 0 . By Property 2 it is enough to prove that for each point of l 0 there are at least two lines parameterized by Θ ′ A that contain this point. If Θ ′ A contains U 0 then it is a cone and we obtain a contradiction unless Θ ′ A is a plane spanned by U 0 and a line contained in the second factor of P 1 × P 2 . Indeed, the planes in P(W ) parameterized by the point from Θ Case (3) Suppose that G(2, 5) is embedded in G(3, W ) as a fiber of π 2 . This embedding is given by choosing a point L ∈ G(5, W ) that gives a natural embedding G(3, L) ⊂ G(3, W ). In this case the sum of planes corresponding to points in Θ ′ A is contained in the hyperplane P(L) ⊂ P(W ). By Lemma 7.1 we can assume that this sum covers P (L) . It follows from Property 1 that S A has a non-reduced linear component.
Case (4) Then from Lemma 6.4 the component Θ ′ A is two-dimensional linear section of the cone over P 2 × P 2 in P 9 with vertex U 0 . It is useful to have in mind the following:
Lemma 7.3. Geometrically the first factor of P 2 × P 2 corresponds to a choice of line in P(U 0 ) and the second factor the choice of a P 3 containing P(U 0 ). The directrix of the cone corresponds to planes containing the fixed line in a fixed P 3 .
Suppose first that Θ ′
A contain the vertex of the cone U 0 ∈ G(3, 6). Then the plane P(U 0 ) is covered by the intersection with other planes corresponding to points from Θ ′ A unless Θ ′ A maps to a point by the projection Θ ′ A → P 2 . Thus, in the first case, we obtain a contradiction from Proposition 6.1. But in the second case we see that Θ ′ A is a plane; then we are also in Case (2) that was described before.
We can assume that Θ ′ A does not contain the vertex of the cone so we can use [O2, Prop. 2.33] . We want to obtain a contradiction by showing that P(U 0 ) ⊂ X ′ . For this it is enough to see that the sums of the curves C U,A for U ∈ Θ ′ A contain P(U 0 ). Consider the projections to the factors
Since by Property 2 the intersection of two planes P(U ) and P(V ) is contained in the curve C U,A and C V,A we obtain a contradiction when the dimensions of the images of both projections have dimension ≥ 1. The remaining case is when Θ ′ A = v × P 2 , where v corresponds to a fixed line in P(U 0 ). But then we are in Case (2).
Case (5) [O4, & 4.4 ] that for all U ∈ Θ ′ A we have that C U,A is a triple smooth conic. Consider the restriction E Θ → Θ ′ A of the tautological bundle on G(3, 6) . In this case we obtain E Θ = S 2 Ω 1 P 2 (1) and the following diagram:
The system of quadrics containing the Veronese surface give the Cremona transformation
where c 1 and c 2 are the blow up of the Veronese surface V i ⊂ P 5 for i = 1, 2 respectively. Then the exceptional divisor E of c 1 maps through c 2 to the determinantal cubic singular along V 2 . Moreover, the exceptional divisor F of the induced map E → G is naturally isomorphic to the projective bundle P(Ω 1 V2 (1)). We see also that π| P(S 2 Ω 1 P 2 (1)) can be seen as the blow-up of G along his singular locus, thus we can identifies it with c 2 | E .
We deduce from the diagram 7.1 that we have (2H − F ) = 2B on P(S 2 Ω 1 P 2 (1)) where B (resp. H) is the pull back of the hyperplane from P 2 (resp. P 5 ). The linear system |3H + T | can be seen on E as |3H + 3B|. By Proposition 4.1 we infer that 3H + 3B − F is effective thus it is an element from |H + 5B|.
We can go in the other direction; choose an element from |H + 5B| map it to G and choose a hypersurface of degree 12 singular along the image. Since the conductor is non-reduced the singularities of this hypersurface have to have generically tacnodes (see [Re, & 4.4] ) along the intersection with S A . This can lead to a possible counterexample to the O'Grady conjecture. A is a plane then it is contained in the tangent space to G(2, 5) ⊂ F v at one of his points; we can thus assume that we are in the case c) above. In this case S A is singular along a hyperplane H 0 being a multiple component such that there is a line l ⊂ H 0 contained in all the planes P(U ) for U ∈ Θ ′ A . By Properties 2 the line l ⊂ H 0 is also contained in all the curves C U,A for U ∈ Θ ′ A . Moreover, the divisor D ∈ |3H + T | from Proposition 4.3 cuts α −1 (Θ ′ A ) red (this is just the blow-up of H 0 along l) along a divisor in the system |4H − 2E| + E. So there is a quartic on H 0 singular along l that define set theoretically the intersection of H 0 with the scheme C defined by the conductor. So we can describe the situation (in the generic case) as follows: the EPW sextic is equal to 2H 0 + Q such that Q is a quartic intersecting H 0 along a quartic that is singular along l. Moreover the underling set of the scheme C is the intersection H 0 ∩ Q. Since C has multiplicity 3 at a generic point of the image X ′ have multiplicity 3 along a C and the singularities along C are worst then ordinary triple point (see [Re, & 4.4] ).
The aim of this section is to show that the adjoint EPW sextic from Theorem 1.1 cannot correspond to a generic A with Θ A of dimension 1 i.e. such that Θ A is a line with some more conditions. Following [O2, & 2] we denote by R ΘA = P ∈ΘA P(P ) by E ΘA → Θ A the restriction of the tautological bundle from G(3, 6) and by f ΘA : P(E ΘA ) → R ΘA the tautological surjective map. Observe that there is a natural embedding of P(E ΘA ) in P(Ω Table 2 ] the precise description of this curves and of the corresponding three dimensional sets R Θ .
If deg Θ A = 1 then it is a line that we denote by t. Then the variety R Θ is a 3-dimensional linear space containing a line l such that the exceptional divisor E of f Θ (in fact f Θ is the blow-up along l) maps to l. We compute that on P(E Θ ) we have T = H − E so D ′ = 4H − E. Since the planes P(P ) pass through l and C P is never a plane, we deduce that the image of D ′ on R Θ is an irreducible quartic containing l or a sum of two quadrics (if there is a linear component we obtain a contradiction because it have to be contained in X ′ ). On the other hand let us analyze the reduced sum Z ⊂ R Θ of the curves C P,A ⊂ P(P ) for P ∈ Θ. As observed before we have Z ⊂ supp D ′ . Observe that generically C P,A is a sum of a reduced quartic and a double line l, so we obtain a contradiction in this case. The problem are the special choices of A. There is a lot of possibilities; we hope to consider them in a future work.
Appendix
Let W be a 6-dimensional vector space. The exterior product defines a symplectic form on the 20-dimensional vector space ∧ 3 W . By a result of Segre the natural action of P GL(6) on P(∧ 3 W ) has four closed orbits P( W 3 , where W 1 ⊃ W 2 ⊃ W 3 are subvarieties of dimensions 18, 14, and 9. Moreover, it is known that W 3 = G(3, 6), W 1 is a quartic described in [Dol, lem.3 .6] and W 2 (resp. W 3 ) is the singular locus of W 1 (resp. W 2 ). The locus W 2 ⊂ P 19 can be also seen as the set of points lying on more than one chord of G(3, 6) (see [Dol, lem.3.3] ) or as the union of spaces spanned by some G(3, N ) for N ⊂ W of dimension 5, which is equal to the union of spaces spanned by some F (p, 3, N ) for some p ∈ W . With this interpretation we get a description of W 2 as the set of 3-forms {[α ∧ ω] ∈ P( 3 W ) | α ∈ W, ω ∈ 2 W }. It follows that there are two natural fibrations of π 1 , π 2 : W 2 \ W 3 → P 5 such that the closure of the fibers are 9-dimensional linear spaces. More precisely π 1 is defined as the map 
Observe that under our assumption we have α 1 ∧ α 2 ∧ ω 2 = 0, but α 2 ∧ ω 2 is not a simple form hence α 1 ∧ α 2 = 0 and the first part of the assertion follows. The second part is now clear as
Proposition 9.2. The divisor class group of W 2 has rank 2 and is generated by the closures of the pull backs of the hyperplane sections by π 1 and π 2 ; denote them by H 1 and H 2 .
Proof. First the Picard group of the projectivised vector bundle
has rank 2 and is generated by H and T ; the pull back of hyperplanes from P(W ) and P(∧ 3 W )) respectively. So it is enough to consider the map [RS, Thm. 6] that the Picard group of W ′′ 2 is isomorphic to the Picard group of P(Ω 2 P 5 (3)).
Let us describe the tangent space to W 2 in a point p ∈ W 2 \ W 3 . Proof. It is clear that all three linear spaces are contained in W 2 and pass through p. It follows that they span a subspace of the tangent T p W 2 . Recall that W 2 is of dimension 14, and the intersection π −1
2 (π 2 (p)) is a P 5 . It follows that the two fibers span a hyperplane in T p W 2 . It is hence enough to prove that Π in not contained in the span of the two fibers. To do this let us denote by Σ p the hyperplane {β ∈ 3 W | β ∧ α ∧ ω = 0}. We clearly have
Proof. Let v ∈ W ∨ and w ∈ W = (W ∨ ) ∨ correspond to hyperplanes H 1 and H 2 respectively. Consider the quadric Q : 3 W : ω → ω(v) ∧ ω ∧ w ∈ 6 W = C. It is enough to prove that Q −1 (0) ∩ W 2 = π −1
2 (H 2 ) and the equality needs only to be checked outside G(3, W ) ⊂ W 2 .
• We first prove the inclusion ⊇. Take ω ∈ π −1 1 (H 1 ) then there exists α ∈ H 1 such that α ∧ ω = 0. We then observe that since α ∈ H 1 it follows that α ∧ ω(v) = 0. The inclusion of the second component follows by duality.
• Let us pass to the inclusion ⊆. Take ω ∈ W 2 \ (π −1 1 (H 1 ) ∪ π −1 2 (H 2 ) ∪ G(n, W )). then ω may be written in the form α ∧ β with β ∈ 2 W such that α ∧ β 2 ∧ w is nonzero and v(α) is nonzero. The value of the quadric on ω is then the product of these nonzero values.
Proposition 9.6. Let L be a generic 9-dimensional Lagrangian subspace of P 19 = P(∧ 3 W ). Then X i = π i (W 2 ∩ L), for i = 1, 2, are two projectively dual EPW sextics in P 5 .
Proof. The varieties X i are EPW sextics from [O1] . To prove duality we first observe that by Corollary 5.1 we know that W 2 ∩ L is smooth of dimension 4. It follows that the maps π 1 | W2∩L and π 2 | W2∩L are birational and consider the map ϕ := π 2 • (π 1 | W2∩L ) −1 . It is a birational map between X 1 and X 2 . We claim that this is the duality map between two dual hypersurfaces i.e. a generic point x ∈ X 2 corresponds to the hyperplane T ϕ −1 (x) (X 1 ) and vice versa. Let x be a generic point on X 2 and let y ∈ W 2 be the unique point in π Denote by D i the singular locus of X i for i = 1, 2. It is known (see [EPW] ) that X i has A 1 singularities along D i and that D i ⊂ P 5 is a smooth surface of degree 40. It follows that the D i is scheme theoretically defined by the six quintics being the partial derivatives of the sextic X i . The following corollary can be also proved using the methods from [W] :
Corollary 9.9. The degree of W 2 ⊂ P 19 is 42.
Proof. Under the assumptions as above denote by E i ⊂ C := W 2 ∩ L the exceptional locus of π i for i = 1, 2, and by O C (H i ) = π * (O P 5 (H)), where H ⊂ P 5 is the hyperplane section. We have to compute
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. Thus it is enough to prove that H
